Controlling quantum fluids at their fundamental length scale will yield superlative quantum simulators, precision sensors, and spintronic devices. This scale is typically below the optical diffraction limit, precluding precise wavefunction engineering using optical potentials alone. We present a protocol to rapidly control the phase and density of a quantum fluid down to the healing length scale using strong time-dependent coupling between internal states of the fluid in a magnetic field gradient. We demonstrate this protocol by simulating the creation of a single stationary soliton and double soliton states in a Bose-Einstein condensate with control over the individual soliton positions and trajectories, using experimentally feasible parameters. Such states are yet to be realized experimentally, and are a path towards engineering soliton gases and exotic topological excitations.
Precision wavefunction engineering is essential for quantum simulation and emulation [1] [2] [3] [4] , topological quantum computing [5, 6] , spintronics [7, 8] and quantum metrology [9] [10] [11] [12] . Engineering an appropriate system Hamiltonian is only part of the challenge. It is equally critical to prepare the desired initial wavefunction with high fidelity, and highly desirable to be able to apply coherent unitary operations to that wavefunction. Ideally these controls would engineer spatial features at the smallest length scale of the system, and complete more rapidly than the fastest dynamics of the uncontrolled fluid; in this article we show how to achieve this degree of rapid, precision wavefunction engineering. Typical approaches fail to achieve this fidelity; optical fields cannot be used to engineer wavefunctions on length scales smaller than the optical wavelength λ [13] [14] [15] [16] , while adiabatic relaxation is necessarily slower than the fundamental system timescale [17] .
Our approach uses strong time-dependent coupling between internal states to control the wavefunction rapidly, with spatial resolution provided by a magnetic field gradient. We call this magnetic resonance control (MRC). Our exemplar quantum fluid is a spinor Bose-Einstein condensate (BEC) with three Zeeman sublevels coupled by radiofrequency driven magnetic dipole transitions. However, MRC is generally applicable to any spatiallyextended quantum system with internal states, provided the splitting can be made spatially dependent and the states admit a time-dependent coupling. Such systems include Fermi gases [18] , atoms in optical lattices [19] [20] [21] , and 3 He films [22] .
Optical approaches to wavefunction engineering of BECs have included using off-resonant lasers to induce a local phase shift and engineer a soliton [13, 14] , and transferring angular momentum from a LaguerreGaussian beam to engineer a vortex [23, 24] . The resolution of these techniques has been limited to 2 µm by the optics used [13, 14] and can never imprint structures finer than the optical diffraction limit, even with superlative optics. Structures engineered using this technique have been coarser than the healing length ξ = 1/ √ 8πna, the shortest distance over which density perturbations exist in a stationary state. The healing length is typically ξ ∼ 270 nm for a peak number density n ∼ 10 14 atoms/cm 3 and s-wave scattering length a = 5.3 nm. As an alternative to optical wavefunction engineering, inverting a trapping potential adiabatically has produced vortices [17] and skyrmions [25] . An opticallyinduced magnetic resonance technique was used to create the first vortex in a condensate [26] and an unstable soliton in a condensate [27] , which we discuss in detail later. While these approaches are not inherently diffraction limited, the experimental apparatus limits these schemes to creating only one type of topological defect, and they must be performed slowly on the system timescale.
The sharpest stable structure supported by a single component condensate is a stationary dark soliton, hereafter a black soliton: a π phase step across a density zero of width ∼ ξ. We use the creation of a single black soliton as a stringent test of our MRC protocol, because a black soliton can only be engineered using a protocol that manipulates both the phase and density of the macroscopic wavefunction with healing length resolution. Phase engineering alone results in the rapid flow of quantum fluid at the site of the phase gradient, manifesting as the emission of supersonic density peaks [13] . Density engineering alone creates a diverging group of gray solitons through matter wave interference [28] [29] [30] [31] . First we describe the protocol used to create a single black soliton in the context of a pseudospin-1/2 condensate. Then we simulate engineering a single black soliton in a 87 Rb spin-1 condensate, with experimentally realistic parameters. Finally we show an extension to this protocol that creates multiple solitons with controlled positions and trajectories. 
T initially in the spin-down state (ψ ↑ (z, 0) = 0) with uniform phase arg (ψ ↓ (z, 0)) = 0 ( Fig. 1(a) ). The first stage of MRC is to transfer the population of the left side of the condensate to the excited state |↑ (Fig. 1(b) ). This is achieved with the application of a magnetic field gradient dB/dz which spatially varies the energy splitting between |↓ and |↑ such that an adiabatic coupling pulse can address a spatial subset of the condensate, as per magnetic resonance imaging [32] . Once the left side of the condensate is in |↑ , it accumulates a phase relative to the right side ( Fig. 1(c) ). After the requisite phase shift of π has accumulated, the magnetic field gradient is inverted, and a second time-reversed adiabatic pulse is applied, returning the left side of the condensate to the |↓ state ( Fig. 1(d) ). This writes the sought π phase step into the wavefunction ψ ↓ (z, t).
Our MRC protocol also carves a density notch into ψ ↓ (z, t) at the location of the phase step; we can independently control the width of this notch and the accumulated phase step, thereby achieving simultaneous phase and density engineering. This ∼ δz wide density notch in ψ ↓ (z, t) is formed because a finite duration coupling pulse results in a finite edge sharpness δz of the transferred slice, leaving some population in |↑ at the edge of the slice after the second coupling pulse. The sharpness is controlled by choosing the shape of the coupling pulse, which we discuss later. Rapid density control -faster than the motional dynamics inherent to the system in the absence of coupling -can only be achieved by local removal of population. To create an unfilled soliton, the residual |↑ population is removed using a state-selective transfer to an untrapped state [33] . Provided that δz ∼ ξ and the phase step is π, a single black soliton is created in the scalar condensate.
When designing the protocol, we must consider that the components of the quantum fluid are free to move. Firstly, the gradient of the level splitting used to spatially address the condensate necessarily imparts a statedependent force (the Stern-Gerlach effect) which separates spin components. However, by inverting the gradient during the second pulse, no net impulse is induced by this Stern-Gerlach force over the duration of the protocol. Secondly, the components of the quantum fluid interact with themselves and each other, inducing motion on a timescale characterized by the healing time t ξ = ξ/c, where c is the speed of sound in the condensate. This effect is most pronounced at the interface of the two spin components, necessitating completion of the protocol faster than t ξ to avoid blurring of the transferred slice.
Our protocol is distinct from that proposed by Williams and Holland [34] , used to create wavefunctions only of a particular symmetry, which then relaxes into the target state at a rate governed by the underlying dynamics of the uncoupled system. Our method trans- fers the wavefunction to the target state on a timescale much shorter than any external dynamics, so that the target state is created coherently with no relaxation required. Both protocols establish an effective two-level system with spatially-varying splitting to exercise local control of the wavefunction density and phase. Ref. [34] uses an oscillatory variation of the level splitting with static coupling of the levels, while in contrast MRC uses a static spatially-varying splitting with modulated coupling strength to achieve this control. Achieving a finer spatial resolution with the technique of Williams and Holland requires weaker coupling (and thus a longer write time); we avoid this trade-off by exploiting the modulation of the coupling frequency and amplitude.
To simulate MRC for an experimentally relevant system we solve the Gross-Pitaevskii equation (GPE) for a quasi one-dimensional condensate [35] ; a soliton in such a condensate will remain stable for several trap periods [36] . This condensate consists of 10 4 87 Rb atoms with three spin states |F = 1, m = −1, 0, +1 , hereafter referred to as |−1 , |0 and |+1 . The pertinent difference for MRC between this system and the spin-1/2 system described earlier is that the Stern-Gerlach force is stronger in higher spin systems. The simulated condensate is trapped in a harmonic potential with axial frequency f z = 2.4 Hz and radial frequency f r = 158.4 Hz, which can be realized, for example, with the optical dipole potential of a 1064 nm laser beam at a power of 0.5 mW focused to an 11.6 µm waist [37] . In this trap, the condensate has ξ = 504.3 nm and Thomas-Fermi radius z TF = 96.1 µm. A black soliton in this condensate has a FWHM of 1.2 µm.
To address one side of the condensate, we choose a hyperbolic secant (HS) coupling pulse [32] , which is an adiabatic sweep with a time-dependent Rabi frequency Ω (t) = Ω 0 sech (β (t − t p /2)) and detuning ∆ (t) = ∆ 0 tanh (β (t − t p /2)) + ∆ 1 , with amplitudes Ω 0 and ∆ 0 , sweep rate β and pulse duration t p . The detuning offset ∆ 1 sets the center position of the transferred slice. The magnetic field gradient required to address a slice thickness ∆z is dB/dz = 2∆ 0 / (γ∆z) where γ is the gyromagnetic ratio.
We define the resolution of the spatially-dependent transfer to be R = ∆z/δz, where δz is the slice sharpness: the 10% -90% rise distance of the population transfer. To create a single soliton the resolution must be R z TF /ξ; too great a resolution results in sound wave emission from the expanding soliton, while if R z TF /ξ it will degenerate into multiple solitons. To develop a simple algorithm for selecting the pulse parameters needed to achieve this resolution, we replace ∆ 0 , β and t p with the following dimensionless parameters: the normalized pulse bandwidth µ = ∆ 0 /Ω 0 , adiabaticity Γ = Ω 0 /µβ and truncation α = sech (βt p /2) (or initial relative amplitude Ω(t = 0)/Ω 0 ) of the pulse. We use an experimentally feasible value for Ω 0 , minimize Γ and maximize α to generate the fastest pulse that exceeds the lowest acceptable single-pulse fidelity (measured by the peak local spin projection); we then increase µ until the pulse achieves the necessary resolution. This parameter optimization will be the subject of a forthcoming manuscript.
A single black soliton was engineered in the condensate by choosing the pulse parameters detailed in Fig. 2 . Each pulse addressed a slice of thickness ∆z = 115.3 µm and had a slice sharpness of δz = 1.56 µm. The resolution of each pulse was thus R = 84.8, sufficient to produce a single black soliton (cf. z TF /ξ = 190.5). Each pulse required a detuning offset of |∆ 1 | = µΩ 0 in order to position the right edge of the slice at z = 0; without this offset, a soliton would be formed at each side of the coupled slice. The slice thickness ∆z > z TF ensures that the outer edge of the slice is beyond the extent of the condensate.
Were the pulses instantaneous, the time t φ and detuning ∆ φ between the pulses would be chosen to effect a relative phase of π, i.e. ∆ φ t φ = π/2F between
FIG. 2.
A single black soliton is engineered by setting the HS pulse parameters to Ω0 = 2π × 300 kHz, µ = 3.2, Γ = 5.0 and α = 0.003, resulting in a single pulse duration of tp = 110.4 µs (cf. t ξ = 492 µs) and fidelity 0.9994. A gradient of |dB/dz| = 237.5 G/cm was applied during the two pulses. (a) The coupling and (b-d) the densities |ψ−1,0,+1| 2 , respectively, during the protocol. (e) The density and phase of the condensate at the conclusion of the protocol. A π phase discontinuity was formed by applying a detuning of ∆ φ = 2π × 79.5 kHz during the wait time of t φ = 5 µs between pulses. The notch in density |ψ| 2 has a FWHM of 1.7 µm. (f) The total density of the condensate over more than two trap periods, demonstrating stationary evolution of the black soliton. We note that the first HS pulse forms a spin domain wall [38, 39] .
the |m = ±F states. However the finite pulse duration causes a non-negligible relative phase to be acquired between these two components during each pulse. This is corrected by adjusting ∆ φ t φ to generate the requisite total phase discontinuity of π immediately after the MRC protocol. The detuning ∆ φ can be controlled by adjusting the spatially-uniform Zeeman splitting across the condensate with a magnetic field, or by adjusting the frequency of the coupling field between the pulses.
As shown in Fig. 2(e) , the protocol successfully engineered both a π phase step and a narrow, dark notch in density |ψ −1 | 2 , filled by residual populations in |0, +1 . To create a single-component soliton we set the populations in |0, +1 to zero after the pulse sequence. The soliton remains stationary over more than two trap periods (Fig. 2(f) ), demonstrating that the protocol indeed produces a single black soliton.
Immediately after the pulse sequence a few lowamplitude sound waves develop on either side of the soliton, which we attribute to small imperfections in the prepared soliton state. We choose to apply a negative gradient during the first pulse so that the Stern-Gerlach force first accelerates the |±1 states away from each other before a positive gradient reunites them during the second pulse; the opposite results in sound waves with greater amplitude. A variation of an HS pulse [40] , designed to achieve the same pulse resolution in a shorter time, may further minimize sound generation.
The peak Rabi frequency used in our simulations corresponds to an oscillating magnetic field amplitude of 430 mG, easily generated by a coil antenna 10 cm from the condensate driven by a 30 W radiofrequency amplifier. The magnetic field gradient required for this protocol is large compared to those typically used to manipulate spinor condensates, but is comparable to the gradients used in magnetic trapping. Thus existing apparatuses which use a magnetic trapping stage to form condensates should be able to implement this protocol. Much larger gradients are routinely created in atom-chip traps [41] , where current-carrying wires are tens of microns from the condensate. A spatially-varying splitting need not be generated magnetically; the vector light shift from the side of an off-resonant Gaussian laser beam can produce an effective magnetic gradient, which is amenable to rapid modulation. The deleterious stateindependent force generated by such an intensity gradient can be made to vanish if the laser is tuned to a magiczero wavelength [42] , while still synthesizing a sufficiently large vector light shift [43] .
Finally, we demonstrate the versatility of MRC by engineering double soliton states in the condensate. Multiple stationary soliton states and their anomalous modes are an analytic continuation of the energy eigenstates of the linear Schrödinger equation with harmonic potential, comprised of Hermite-Gauss polynomials [31, 44, 45] . Non-stationary multiple dark solitons have been created using phase imprinting methods [13, 46] , and matter wave interference [29] . In neither of these demonstrations was the relative velocity and separation of the solitons controlled. We show that MRC provides this precision control for double solitons, and the extension to more than two solitons is immediate. The phase of a double soliton can be engineered to be a top-hat function; such a function could be used as a base unit for construct- ing more complex phase structures such as matter-wave analogues of lenses or mirrors.
As stated previously, our MRC protocol creates a soliton at each edge of the coupled slice. By simply decreasing the slice thickness, the outer edge is brought within the condensate and two solitons are formed. To ensure the slice sharpness remains fixed -preserving the width of the engineered density nodes -we decrease the slice thickness by decreasing the range of the detuning sweep ∆ 0 , rather than increasing the magnetic field gradient. Hence we decrease the normalized pulse bandwidth µ, while proportionally increasing the adiabaticity Γ; all other parameters remain identical to the single soliton example. Two solitons are created asymmetrically about the trap center ( Fig. 3(a) ), and periodically exchange all their momentum so that one is stationary while the other oscillates in the trap. With a different initial separation and mean position, the two solitons can be made to oscillate in phase; this is the lowest anomalous mode of the double soliton state (Fig. 3(b) ). Such a double soliton state has never been experimentally realized in a quantum fluid.
MRC enables one-dimensional control of both the density and phase of the condensate wavefunction at the healing length and healing time scales. We have simulated the creation of a single black soliton using realistic parameters: a state that has not yet been created in a condensate. We demonstrated the versatility of MRC, showing it can create double soliton states merely by decreasing the bandwidth swept out by the adiabatic HS pulse. We anticipate creating a train, or 'gas', of solitons using multiple HS pulses, with the same control over their individual trajectories demonstrated above. Extending MRC to higher dimensions would open a path to engineering exotic topological excitations such as spin knots in the polar order of a quantum fluid [47] .
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